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Abstract— Many advanced driver assistance systems (ADAS)
demand for high precision navigation in urban environments.
Traditional high precision dual-frequency RTK GPS receivers
are too expensive for the low-cost, massive produced consumergrade applications. On the other hand, many potential applications will become feasible as the high precision navigation
solution becomes affordable using low-cost sensors. Hence,
this paper proposed a high precision global navigation system
using the low-cost single frequency GPS receiver and MEMS
inertial measurement unit (IMU), with the application in GPSchallenged urban environments. By utilizing a sliding-window
smoothing estimator, we are able to demonstrate reliable
decimeter positioning accuracy in the presence of severe mutlipath errors and intermittent GPS signal receptions. To the best
of the authors’ knowledge, this is the first literature report
of a high performance sliding window smoothing estimator on
tightly coupled Differential-GPS/IMU using L1-only measurements in a GPS-challenged urban environment.

I. I NTRODUCTION AND R ELATED W ORK
High precision navigation is the core functionality in many
advanced driver assistance systems, e.g. self-driving. In these
systems, GPS is the primary sensor to obtain the global
position of the vehicle. To achieve reliable high precision
positioning, differential GPS (DGPS) is a promising approach. As the mobile communication networks (4G or WiFi)
becomes ubiquitous, the DGPS technique can be used in
most of the urban environments and provides 0.1 to 3 meter
positioning accuracy [1].
However, GPS has its own limitations due to many factors.
In the urban environments, the GPS signals can be blocked
by trees and tall buildings and thus using GPS alone cannot
obtain reliable and accurate navigation solutions. As an
example of the poor GPS coverage in the urban environment,
the satellite availability along the campus testing trajectory is shown in Fig. 1. Moreover, the traditional highend dual frequency RTK GPS receiver is too expensive for
low-cost/consumer-grade applications. In addition, in recent
years, the single frequency (L1-only) GPS receivers have
become readily available in the market at a much lower price
than the dual frequency receiver, and the MEMS IMU is
also getting much cheaper. Many potential applications will
become feasible as the high precision navigation solution
becomes affordable using low-cost sensors. Therefore, this
paper proposes a high precision global navigation system
using a low-cost single frequency GPS receiver and a MEMS
IMU, with the application in GPS-challenged urban environments.
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Fig. 1: The testing trajectory marked with colors to represent
the number of satellites available to the receiver along the
trajectory. Due to the blockage of building and trees, there
are many places where less than 4 satellites can be seen
(highlighted in blue color). This is a challenging route for
the GPS/IMU navigation system. With the proposed method,
the reliable decimeter positioning errors is achievable using
L1-only GPS measurements.

In the GPS navigation community, RTK GPS positioning
is a well-known mature technique. However, for low-cost,
single frequency receiver, there still are many challenges,
especially in urban environments. Compared to a dual frequency receiver, a single frequency receiver cannot form
multi-frequency combinations which would greatly reduce
the integer searching effort in realtime. Moreover, the number
of measurements from single frequency receiver is half of
that from a dual frequency receiver. In urban environments,
the intermittent signal reception that caused by the signal
blockage also creates problems because everytime the receiver reacquires the satellite signal, the integer in the carrier
phase measurement is different. Therefore in practice, it is
difficult or takes significantly longer for a single frequency
receiver to resolve the integer and obtain the centimeter
level accuracy compared to the high-end, dual frequency
receivers [2]. As a result, the slow convergence rate of the
positioning accuracy using a single frequency receiver is
usually intolerable for many ADAS applications.
Without the correctly resolved integer, the phase measurement does not provide absolute range information. In this

case, most of the existing approaches use the triple difference
technique in an EKF estimator [2], [3], [4]. However, the
existing approaches either have slow convergence rate or
assume perfect initialization of the estimator. In recent years,
the smoothing based estimator have been demonstrated to
have better performance than the EKF [5] and have been
applied in many vision-aided inertial navigation systems [6],
[7]. Hence, in our previous paper [8], the authors utilized a
sliding-window smoothing estimator (which is named as the
Contemplative RealTime (CRT) estimator) and demonstrated
the superior performance to the EKF using pseudorange
measurements in open sky environments. To further improve
the performance of the CRT estimator in GPS-challenged
urban environments, this paper proposes a novel way to
utilize the accurate phase measurements in the CRT estimator
when the integer cannot be resolved.
The contributions of this paper are:
1) The first literature report of a high performance sliding window smoothing estimator on tightly coupled
DGPS/IMU using L1-only measurements in GPSchallenged urban environments.
2) The first literature report of utilizing the phase measurement in the sliding window smoothing estimator
to achieve high precision navigation when the correct
integer cannot be resolved.
II. L ITERATURE R EVIEW
For dual-frequency GPS receivers, the integer ambiguity
problem is a well researched topic and there are many
working solutions available [9], [10]. Once the integer is
successfully resolved, an EKF is typically applied to obtain
a centimeter accuracy navigation solution.
For a single-frequency GPS receiver, resolving the integer
in realtime is much harder. There are many papers working
on this topic by using triple difference technique, which
differences the phase measurement at two consecutive times
to eliminate the unknown integer. In [2], the authors designed
an EKF to use the triple-difference phase measurement from
a single frequency receiver to achieve submeter accuracy.
The reported time needed for the estimator to converge to
submeter accuracy is 500 sec and the vehicle needs to stay
stationary during this period. In [3], the authors proposed
an integer searching and validation method based on the
technique developed in [2] with an application on a lowcost mowing robot using single frequency receivers. The time
it takes to reliably resolve the integer was not reported. In
[4], the authors utilize a modified triple difference technique
in an EKF to track the relative positions of the receivers
from a perfectly known initial configuration. The global
positions are not estimated in their approach. Due to the
nature of tracking (perfect initial knowledge), it does not
need a long time to converge to a submeter accuracy. The
reported accuracy of position tracking is in the decimeter
level when the vehicle is driving in high speed.
The method proposed in this paper is related to the
triple difference technique. Instead of differencing consecutive measurements to eliminate the integer, we propose a
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Fig. 2: The illustration of measurement time line and CRT
window. The red dots represent the vehicle states at the GPS
measurement time. The green lines represent the IMU constraints between two consecutive states. At tk the optimization problem is formed and the solution of the optimization
problem will be available at t∗ . At t∗ , the vehicle state is
propagated from tk to t∗ using IMU measurements.

systematic way to eliminate the integer for a time window
of measurements and thus creates the constraints between
all the vehicle poses in the window. The proposed method
is optimal in that it preserves all the information from the
measurements and correctly captures the time correlation of
the resulted kinematic constraints in contrast to the triple
difference technique.
To fully utilize the proposed method, this paper uses
a sliding window smoothing estimator. Smoothing related
algorithms are getting significant attention in the SLAM
community in recent years [11], [12], [6], [7]. However,
none of these papers report the performance for tightly
coupled DGPS/INS. The most related one is [7]. However,
in that paper the GPS is integrated in a loose coupled
way. Therefore, they reported similar performance between
smoothing and EKF. In a tightly coupled DGPS/INS system,
we notice that there is a significant performance improvement compared to the EKF, especially in GPS-challenged
urban environments. The navigation system designed in this
paper is similar in concept to the one proposed in [6].
However, [6] focus on the visual inertial integration and
they have not reported any tightly coupled GPS/IMU results.
Based on the best knowledge of the authors, we believe this
is the first publication of the high performance capability of
smoothing estimator on tightly coupled DGPS/INS.
III. N ONLINEAR L EAST S QUARE P ROBLEM
This section briefly describes the optimization problem in
the CRT estimator. The details of the CRT estimator can be
found in [6], [8].
The measurement time line of the CRT estimator is given
in Fig. 2. The IMU measurements and GPS measurements
are denoted as Uk and yk respectively. At each CRT window
(a sliding window of sensor measurements), we solve a
nonlinear least square problem:
(
)
X
i
X̂ = argmin
ke (X)kRi
(1)
X

i∈S

where X is the state vector of the vehicle trajectory defined
on the CRT window, the set S represents all the information
within the CRT window which, in our case, consists of the
IMU, GPS and prior information, the ei (X) is the residual

function (IMU: ei∆ , GPS: eiρ and eiφ , prior: ei0 ), and Ri is the
corresponding covariance matrix. The formulation of IMU
and prior residual can be found in [8]. The GPS residuals
will be discussed in the next section.
IV. D IFFERENTIAL -GPS
DGPS has advantage over stand-alone GPS in that most
of the common-mode errors (e.g., ionosphere, troposphere,
satellite clock and ephemeris errors) can be removed by
differencing measurements between the rover receiver and
the GPS base station receiver. For simplicity of notation, it
is assumed in this paper that DGPS approach completely
removes all common-mode errors. Two types of measurements are provided by the receiver: pseudorange (code)
and carrier phase measurements. To avoid the modeling
of the receiver clock error which involves the complicated
GPS measurement compensation, double differenced GPS
measurements are considered in this paper.
A. Pseudorange Measurement
The double differenced pseudorange measurements for the
i-th satellite vehicle (SV) can be modeled as
ic
ρic = γ ic + mpic
ρ + nρ ,

(2)

c
i
where γ ic (t) = γ̄ i (t) − γ̄ c (t), ρic = ρ̄i − ρ̄c , nic
ρ = n̄ρ − n̄ρ ,
i
i
γ̄ (t) = kpr (t) − psv (t)k2 is the geometric distance between
the vehicle position pr ∈ R3 and the i-th SV position
pisv ∈ R3 , ρ̄i is the pseudorange measurement of i-th SV, the
superscript c is used to denote the common satellite chosen in
the double differencing method, mpic
ρ is the multi-path error
which can be several meters and n̄iρ is the measurement noise
whose standard deviation is typically around 2-5 meters.
Thus, the residual function of the double differenced code
measurement can be formed from eqn. (2) as:

eiρ (x(t)) = ρic − γ ic (t)

(3)

B. Carrier Phase Measurement
The double differenced phase measurement model for the
i-th satellite vehicle (SV) is:
ic
λφic = γ ic + λN ic + mpic
φ + nφ ,

(4)

i
c
i
where φic = φ̄i − φ̄c and nic
φ = n̄φ − n̄φ , φ̄ is the
ic
phase measurement of i-th SV, N is an unknown integer
of the phase cycle, λ is the wavelength of the signal (L1
signal: 19.05cm), mpic
φ is the multi-path error which is in
the centimeter level, and n̄iφ is the measurement noise whose
standard deviation is typically in the centimeter level. The
integer N ic is constant over time intervals when the receiver
has phase lock for SV i and c. The receiver indicates this
lock with a flag and lock time counter. Once the unknown
integer N ic is resolved, the phase measurement provides the
range measurement in a centimeter accuracy.
However, the integer is difficult to resolve reliably in
realtime for a single-frequency receiver. Nonetheless, there
are at least two reasons why we still want to use the phase
measurement when the integer cannot be resolved:

1) Multi-path only introduces a few centimeters of error
in the phase measurement while the code measurement
can be affected by few meters.
2) Phase measurements over a time window provide the
local kinematic constraints of the trajectory at the
centimeter accuracy even when the correct integer is
not available.
Typically, there are two ways of utilizing the phase measurement when the correct integer cannot be resolved:
1) Use the triple difference technique to create an integerfree measurement. The triple difference measurement
φ̃ic
k at tk for i-th SV is defined as:
ic
ic
ic
λφ̃ic
k = γk − γk−1 + ñφ

(5)

ic
ic
ic
ic
where φ̃ic
k = φ (tk ) − φ (tk−1 ) and ñφ = nφ (tk ) −
ic
nφ (tk−1 ). This equation is derived by subtracting eqn.
(4) at tk−1 and tk . The benefit of this approach is
that the resulted measurement φ̃ic
k is independent of
the integer and thus it does not violate the integer
assumption. However, the triple difference only consider the consecutive measurements and ignore the
time correlation of phase measurements over a time
window.
2) Estimate the integer as a float number together with
other vehicle states in the estimator. This approach
correctly accounts for the time correlation of phase
measurements. The major drawback of this approach
is that the integer constraint is not respected and
adding integers into the estimator will increases the
computational complexity.

To incorporate the accurate phase measurements in the
CRT framework, this paper proposes a new method that takes
benefits from both the approaches mentioned above. Furthermore, as an improvement of the triple difference technique,
this paper proposes a integer-free phase measurement that
is independent of the integer while correctly captures the
time correlation of phase measurements. As a nutshell, the
CRT estimator uses the proposed integer-free measurements
for i-SV when the i-SV is not observed by the first pose in
the CRT window. Otherwise the integers are added into the
estimator.
V. I NTEGER - FREE P HASE M EASUREMENT
To fully utilize the phase measurement without resolving
the integer, an integer-free measurement is constructed using
methods originally proposed for visual odometry [13]. Given
all the measurements of the i-th SV and the common SV c
that contributes to the constant integer N ic , which are defined
as an integer track Ξic in this paper, stacking up eqn. (4) and
ignore the multi-path error mpic
φ gives:
λφic = h(XSic
) + λGic N ic + nic
φ
p

(6)

where
 ic

φ (t̄1 )
φic (t̄2 )


ic
φ =  . ,
 .. 
φic (t̄l )

 ic
 

γ (t̄1 )
1
γ ic (t̄2 )
1

 

h(XSic
) =  .  ,Gic =  .  ,
p
 .. 
 .. 
ic
γ (t̄l )
1
(7)

where Sic
p = {t̄1 , t̄2 , . . . , t̄l } denotes a set of consecutive
time steps that both the i-th SV and the common SV c
ic
= {x(t) | t ∈ Sic
are observed, and XSic
p }. The set Sp
p
always contains consecutive time steps because every time
the receiver reacquires the satellite, the integer changes.
Using the methods in [13], the integer can be eliminated
from the equation by the following procedure. Define a
unitary matrix A = [A1 , A2 ] such that the columns of
A2 form the basis of the left nullspace of G (A>
2 G = 0).
Multiplying A>
2 on both sides of (6) gives:
λφ̄ic = h̄(XSic
) + n̄ic
φ
p

(8)

> ic
>
ic
ic
where φ̄ic = A>
2 φ , h̄ = A2 h and n̄φ = A2 nφ .
Thus, the integer-free phase measurement induced residual
equation eφ (X) can be formed as:

)
eiφ (X) = λφ̄ic − h̄(XSic
p

(9)

Note that the above derived measurement equation is
independent of the integer. Equation (9) expresses the relative
kinematic constraints between vehicle poses along the trajectory. The constraint is strong because the noise nic
φ (t) has a
standard deviation at the centimeter level. Moreover, in the
proposed approach, the noise n̄ic
φ correctly captures the time
correlation of the relative kinematic constraint between all
the vehicle poses in the set Sic
p through its dense covariance
ic
ic
ic
matrix A>
2 Rφ A2 , where Rφ is the covariance matrix of nφ .
In contrast, the triple difference technique only captures the
pairwise kinematic constraint between two consecutive vehicle poses, but neglects time correlation between subsequent
measurements.
VI. E XPERIMENTAL R ESULTS
This section presents analysis of data accumulated during
a test drive around the campus of University of California,
Riverside, see Fig. 1. Along the test path there are many trees
and buildings as is representative of a typical urban environment. In the experiment, the vehicle is equipped with dualfrequency GPS receivers and a MEMS IMU, but no form
of compass. For this receiver, the L1 data is more accurate
than a typical low-cost single frequency GPS receiver and
antenna would produce; however, using identical data is most
useful for the present analysis (generating ground truth).
GPS measurements are taken at 1 Hz. The GPS provides
code (pseudorange) and carrier phase measurements. All
GPS measurements are used in a differential mode. The IMU
provides measurements at 200Hz. The CRT estimator uses
10s window of data. The vehicle position is initialized by
the GPS measurement and the pitch and roll are obtained

Fig. 3: Navigation and Mapping sensor platform. Equipped
with GPS/INS unit, monocular camera, 360 degree camera,
2D LIDAR, RADAR, and Velodyne LIDAR.

from the accelerometer assuming the vehicle is stationary.
The sensor platform is shown in Fig. 3.
The trajectory estimation error is formulated by subtracting the real-time state estimate at each time from a
ground truth state estimate for the same time. The ground
truth trajectory is determined by an off-line, post-processed
smoother combining the IMU and integer-resolved phase
measurements (using L1 and L2 measurements) [14]. The
ground truth trajectory is accurate at the centimeter level.
All the CRT estimators used in the experiment use L1 only
measurements.
Fig. 4 shows the position, velocity and attitude errors of
the CRT estimator using code and phase. As we can see from
the results, the position error is within ±0.5m for most of
the time in the horizontal plane (north and east direction),
the velocity error is within ±0.1m/s and the roll and pitch
errors are within ±0.2◦ and the yaw error is within ±1◦
without using a compass.
To demonstrate the benefits of phase measurements, the
position errors of the CRT estimator using code only are
shown in Fig. 5 with the position errors of the CRT estimator using code and phase. We can see that the phase
measurements are able to provide accurate local kinematic
constraints that prevent large jumps in the position estimates
in the presence of multi-path errors and noisy GPS signal
receptions, even when the integer cannot be resolved. Moreover, the estimated trajectory using phase measurement is in
general smoother than using the code measurements only.
VII. C ONCLUSIONS AND F UTURE W ORK
This paper has proposed a novel DGPS/IMU navigation
system that significantly improves performance in urban
environments. The experimental results demonstrated that
the proposed method has the potential to enable the high
precision navigation using low-cost, single frequency GPS
receivers and MEMS IMU in GPS challenged environments.
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The new algorithm performs optimization in realtime, for
all IMU and GPS measurement within a time window, to
provide a state estimate at the current time. The approach
leads to improved performance for a few reasons. First,
optimization over a time window provides the capability to
re-linearize the system kinematic and measurement models
around the improved trajectory estimate. This leads to the
ability to estimate attitude and biases, especially yaw, accurately without a magnetometer. Second, the large set of measurement data provides sufficient redundancy to allow the
effects of noise to be significantly reduced in the optimization. Third, the proposed integer-free phase measurement is
able to provide accurate local kinematic constraints, without
needing to resolve the integers, which helps to improve the
robustness to multi-path errors and GPS noise, which are
common in urban environments.
In the future, we plan to integrate the visual odometry into
the existing GPS/IMU system to improve the performance.
In addition, we are also working on the multi-path error
modelling to correctly accounts for it.
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